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ABSTRACT 
The length of a (0,l) matrix (a bigraph) is defined and studied 
1. INTRODUCTION 
A transformation of a nonzero (0,l) matrix A means replacing some (at 
least one) of the ones in a nonzero line’ of A with zeros. The ideas of this 
paper are motivated by the following game played by two players: Given a 
(0,l) matrix, a player has to transform it. The player who obtains the zero 
matrix wins. 
The undirected bipartite graph GA of an m X n (0,l) matrix A has m + n 
points rl,. ..,I+,, cl,. . .,c,, and rici is a line of GA if and only if aii = 1. A 
graph-theory formulation of the game is: Given a bigraph with at least one 
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line, a player has to choose a nonisolated point and remove at least one of 
the lines incident with it. 
A matrix is tinning if by obtaining it a (smart) player assures himself a 
victory, and losing otherwise. It is quite obvious that a matrix is losing if and 
only if at least one of its transforms is winning. 
The sum, a(A), of a matrix A is CiZ ++ Let C,, m > 0, be a 1 X m matrix 
with sum equal to m. Let A = Ck,’ . . . i Ckzz be the direct sum of 
c k,>...> Ck,,. The game with this A is the years-old nim (e.g., [2]). Let 
K,=b,,+2b,,+... +2p$ where &~{(0,1)}, h=O ,..., p, i=l,..., m. It is 
well known that A = Ckl + - . . i C4,, is winning if and only if 
2 hhi is even for all 11. 
i=l 
In Sec. 2 we show how some games can be reduced to nim by using a 
new concept-the length of a matrix. 
In Sec. 3 we study the lengths of special types of matrices. For the 
convenience of potentially interested readers the paper is concluded with a 
list of lengths of all matrices with sum < 6. 
2. THE LENGTH OF A MATRIX 
Let W and L denote the sets of winning matrices and losing matrices 
respectively. Obviously 
AEW, BEW ==s AiBEW (1) 
and 
AEW, BEL * A~BEL. (2) 
These relations suggest that we investigate the direct sum of losing 
matrices. 
DEFINITION. Two (0,l) matrices are equioalent if their direct sum is a 
winning matrix. 
That this relation is indeed reflexive and symmetric is obvious. The 
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transitivity is also immediate. Suppose that 
AiBEW, BiCEW, (3) 
but 
A-CCEL. (4) 
By (3) and (l), A i C-k B i B E W. Equations (4) and (2), on the other hand, 
imply that A i Ci B i- B EL. Thus A + C E W. In a similar way one obtains 
the 
REPLACEMENT PRINCIPLE. If A and A’ (ire equicalent, then A i B is 
equicalent to A’i B. 
The set W of winning matrices is clearly an equivalence class containing 
the zero matrix CO. It is also clear that C, and C, are equivalent if and only 
if m = n. VJe now show that the row vectors form a canonical set for all 
equivalence classes. 
THEOREM. For ecery matrix A there exists (1 nonnegatioe integer h(A) Q 
a(A) such that A is equivalent to CXtAj. 
The number h(A) is called the length of A (of GA). 
Proof. The proof is by induction on a(A). Clearly, X(C,)= m. Let 
A i,. . .,A, be all the possible transforms of A. By the induction hypothesis 
X(A,), . . . ,W,) exist. Let k be the smallest nonnegative integer different 
from X(A,),..., X(A,). Then A i C, E W because all of its transforms are 
losing, and so k =X(A). w 
In particular A E W if and only if X(A) = 0 and this is equivalent to the 
fact that all its transforms are losing. 
Let A = B, i . . i Bv. Since equivalent matrices have the same length, it 
follows from the replacement principle that 
h(A) = A( Cx(B, ) + . . . i cxcBq ,) 
\Ve shall refer to this number as the digital sum of h(B,), . . . ,A( B,) [l], and 
denote it by v(X(B,), . . . , 
v(X(B,),...,X(B,))=~. 
h(B,)). Thus A is winning if and only if 
Digital addition is clearly commutative. Also v(a, h) = c if and only if 
v(cl,c)=b if and only if v(b,c)=cl. 
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In the sequel we shall make use of 
v(l,Zk)=U+l, (5) 
u(2,4k)=4k+2, v(2,4k+l)=4k+3, (6) 
v(3,4k)=4k+3, v(3,4k+l)=4k+2. (7) 
The length of a matrix is invariant under permutations, transposition and 
addition of zero lines. We investigate the length of special matrices in the 
following sections. 
3. LENGTHS OF SIMPLE MATRICES 
In this section we collect partial results on the length of matrices of the 
following three types: 
T 
B,, = s 
r1 
1 
1.: ; 
c,, = s 
1 . . . 1 0 ... 0 
1 . . . 1 1 1 ... 1’ 
-- 
1 . . . 1 
0 . . . 0 
; . . . (j 
Notice that 
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In particular, we shall be interested 
which the length and sum are equal. 
THEOREM A. 
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in extremul matrices, i.e., matrices for 
641) A,, is winning if and only if r = t and s is even. 
(A2) Aou is extremal for every t. 
643) Ai,, is extremal for every t # 1 and X( A, II) = 1. 
(A4 Aail is extremal for every t. 
Proof. 
(Al) Zf: Follows from the central symmetry of the matrix. 
Only if: It is enough to consider three cases: (a) t = r, s = 2k + 1. (b) t = r + I, 
I > 0; s = 2k. (c) t = r + 1, I > 0; s = 2k + 1. A,, can be transformed to ArBkr in 
the first two cases and to A(,+ 1j2k(r+lj in the third case, so the “only if” part 
follows from the “if” part. 
(A2) Induction on t. Clearly, h(A,,,) = 2. We have to show that 
X(A,,,_,)= t+2 =+ X(A,,,)= t+2 for t>O. 
This follows from the fact that Aolt is transformable to C, i C,, C, and A,,, 
k=O,...,t-1. 
(A3) The transforms of A,,, are C,, A,,,, C, 4 C, and C, i C,, and their 
lengths are 0, 2 and 3. For t> 1, A,i, is transformable to C,i C,, A,,,, C’s 
and A,,,, and thus X(A,,,) >3. Now An2 is transformable to A,,,, Ali3 is 
transformable to C,, A,,, and Ali5 are transformable to C, i C,, and Ain is 
transformable to Ca-i- C, if t> 5. For t > 1, X(AI1,)> 4 and h(A,,a) =5. 
Induction on t > 0 proves the extremality of Ain since Air, is transformable 
to Ailk, k=O ,..., t-l, t>O. 
64) AZl” is transformable to C, i C,, to C,, to C,, and to C,. Azll and 
A,,, are transformable to C, i C,. A,,, is transformable to A,,,. A,r, is trans- 
formable to C, i C, if t > 2. Azlt is transformable to C, i C, if t > 1 and to 
C, -i- C, if t> 0. Az12 is transformable to C, if t > 0. The rest of the proof 
consists of induction on t. n 
THEOREM B. 
(Bl) Y%) > 0 
(B2) h(B,,) = 1 if and only if s = t is even. 
(B3) B,k_ 1 t is extremal. 
(B5) For evei s = 4k + 1 there exists t < s such that h(B,,,) = 2. 
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Proof. 
(Bl) Let m = min(s, t). Then B,, is transformable to C, i C,. 
(B2) Induction on a(B,,). The result is clear for small values of u. In 
general, B,,,, transforms to B,,,, 1<2k or C&-l-C,, 1< 2k, but X(BZkl)# 1 by 
the induction hypothesis, and the digital sum of 1 and 2k is different from 1, 
since by (5) v(2k, 1) = 2k + 1. Conversely Bzkl, Z< 2k transforms to C,, i i C, 
and to C,-, i C,, and one of these two matrices has length 1. Finally 
B 2k+12k+ 1 transforms to C,,,, + Cak, which also has length 1. 
(B3) If t<2k-l, then B,L,, 
s<Zk-1. If t>2k-l, then &it 
is transformable to C, i C, for every 
s<2k-l. Since {0,1,2 
is transformable to C,k _ r i C, for every 
, . . . , 2k - l} is a commutative group under digital sum, 
it follows that for every k, A(& 11) > 2k. Induction on t completes the proof. 
(B4) The transforms of Bzt are C,, B1,, Ct+l, C, i C,, C,i C, for every 
.s < 2, and B,, for every s< t. The smallest integer that is not a length of 
C2/Cs, s< t, is t if r-0 mod 4 and t+l if t~3 mod4. Since h(C,)=t, 
h(C,+,)= t+ 1 and X(B,,)= t+2, it follows that for t=O mod4 and t-3 mod 
4, B,, are extremal. Now X(B,,)=4 while X(B,,) 4 1, and the general result 
follows by induction. 
(B5) By (B2)> h(%+,,k+,))2. If X(B4k+14k+l)>2~ then Bdk+ldk+l is 
transformable to a matrix of length 2. But R4k+14k+l is transformable to 
either C,, + r i C,, 1< 4k+ 1, or B4k+ll, l< 4k + 1. The result follows from (6), 
since u(4k+1,1)#2 if 1<4k+2. n 
THEOREM C. 
(Cl) C,, is extremal if and only if m = 1 or n= 1. 
(C2) h(C,,) < s+ t- 1. 
(C3) h( C,,) Q s. 
(c4) x(c2k,l) = O. 
cc51 X(C‘Zk+121)>0* 
(C6) A( C,) = 0. 
Proof. The last result follows from the fact that C, cannot be trans- 
formed to a winning matrix. (C4) follows from the central symmetry of the 
matrix. (C5) follows from (C4). C,, can be transformed to s + 2 - 1 different 
matrices, and this implies (C2). (C3) follows similarly. (Cl) follows from (C2). 
n 
4. LENGTH OF SMALL CONNECTED MATRICES 
A matrix is connectetj if its bipartite graph is connected. Every matrix is 
connected or can be permuted to a direct sum of connected matrices. The 
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following tableau lists (up to permutations) all the connected matrices of 
1 < sum < 6 by their lengths: 
Winning: C,,, : : i y 
( 
Length= 1: C,, A,,,,B22,C23,A212. 
Length = 2: C,. 
Length = 3 : C,, B,,, 
Length = 4 : C,, B,,, 
1 1 1 
Length =5: C5, B,,, A,,,, AII2, i 1 0 0 
0 1 0 
1 0 0 
0 1 0 
0 0 1 
1 1 
Length =6: C,, B,,, A,,,, AlIs, B,,, ! 1 0 0 0 I , 
0 1 0 0 
I 1 0 1 0 1 0 1 
1 1 0 0 
1 0 1 0 
0 1 0 1 
1 1 1 
1 1 0 
0 0 1 
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